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We discuss the phase coherence which emanates from the ladder-like proximity effect between
a “weak superconductor” with preformed bosonic pairs (here, a single-chain Luther-Emery liquid
with superconducting correlations that decay approximately as x−1) and a Fermi gas with unpaired
fermions. Carefully studying tunneling mechanism(s), we show that the boson-mediated Cooper
pairing between remaining unpaired electrons results in a quasi long-range superconductivity: Su-
perconducting correlations decay very slowly as x−η with η ≈ 1/2. This process is reminiscent of
the coupling of fermions to preformed bosonic pairs introduced in the context of high-Tc cuprates.
PACS numbers: 71.10.Pm, 74.50.+r
Surprisingly, the excitation spectrum in underdoped
high-Tc cuprates exhibits a pseudogap at a temperature
T ∗ far above the superconducting temperature Tc. Ex-
perimental results suggest that the gap formation is due
to the pairing of electrons in the corners of the Fermi sur-
face into preformed bosonic pairs (with a small spectral
weight), whereas electrons in the “diagonals” would still
remain unpaired (See Fig. 1) [1]. Theoretically, the trun-
cation of the Fermi surface has been predicted by Rice
et al. from Renormalization Group arguments in two di-
mensions [2] and from the behavior of lightly doped lad-
ders [3]. This has been also emphasized by Lee and Wen
based on gauge theory calculation [4]. The supercon-
ductivity which emanates from the Bose condensation of
these preformed pairs coexisting with unpaired fermions
has been examined phenomenologically by Geshkenbein,
Ioffe and Larkin [5]. Below, we introduce a simple asym-
metric two-leg ladder system which allows to rigorously
exemplify the (almost) Bose condensation of preformed
bosonic pairs in the vicinity of unpaired fermions.
We discuss the quasi long-range superconductivity
emerging at Tc from the ladder-like proximity effect be-
tween a one-dimensional (1D) weak superconductor —
which already displays a spin gap and preformed Cooper
pairs below T ∗ — and a 1D Fermi gas.
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FIG. 1. A ladder system which allows to investigate the
Bose condensation of preformed pairs coexisting with un-
paired fermions (discussed for high-Tc cuprates): A sin-
gle-chain Luther-Emery liquid weakly-coupled to a Fermi gas.
To keep the discussion as clear as possible, here we
assume that the weak superconductivity emerges from
the single-chain Hubbard model with small attractive in-
teractions, producing the usual Luther-Emery liquid [6].
Above Tc (but below T
∗), the superconducting corre-
lations are weak in the sense that they still decay ap-
proximately as the charge density wave correlations, i.e.,
roughly as x−1. Such a prototype system has some sim-
ilarities to the one introduced by Emery, Kivelson and
Zachar in another context [a metallic stripe coupled to an
active spin-gapped doped Mott insulator] [7]. Following
the methodology developed in Ref. [8], we build the rele-
vant tunneling process(es) between the two chains. Here,
this corresponds to an Andreev scattering mechanism [9].
Then, we show how the boson-induced Cooper pairing
between unpaired fermions results below Tc ∝ 1/{T ∗}2
both in a spinon-pairing (spin gap) in the Fermi gas [7]
and in a quasi long-range phase coherence. In contrast
with Ref. [7] (page 6131), we report that the supercon-
ducting correlations now decay as x−η with η ≈ 1/2,
whereas the charge density wave correlations at the wave
vector q = 2kF arise only at short distances. The system
behaves as a conventional two-leg ladder [10,11,8].
For temperatures T ≫ T ∗, the kinetic energy for
fermions takes the standard form Hkin = Ho+H⊥ where
Ho = −t
∑
j,α
ψ†jα(x+ 1)ψjα(x) + H.c.,
H⊥ = −t⊥
∑
α
ψ†2α(x)ψ1α(x) + H.c. (1)
Here j = (1, 2) denote the chains and α = (↑, ↓) the
spin projections of an electron. The bare short-distance
cutoff is equal to a = 1. The longitudinal and transverse
hopping amplitudes are respectively t and t⊥.
We consider the case of a weak-proximity effect between
the two chains, i.e., we start with t⊥/T
∗ ≪ 1 . For weak
interactions in chain 1, our temperature T ∗ will be al-
ready very small compared to the Fermi energy EF ∼ t.
Focusing on electronic states near the Fermi points,
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we expand ψjα(x) = ψ+jα(x)e
ikF x+ψ−jα(x)e
−ikF x; Be-
low p = ± denote respectively right and left excitations.
Unlike in Ref. [7], the two chains are here equally doped.
Weak superconductor at T∗. Let us first consider
that t⊥ = 0. As emphasized in the introduction, we start
with an asymmetric situation where in chain 2 electrons
are completely “free” whereas electrons of chain 1 are
subjected to a weak attractive Hubbard interaction of the
form: H1 = gcJ+11J−11−gsJ+11J−11. We have rewritten
the Hubbard interaction in chain 1 as a function of the
usual charge and spin currents [For the definitions: See
Ref. [8], Eq. (5)]. Note that gc and gs describe charge-
and spin backscatterings respectively.
The bare interactions are of the order of the negative
Hubbard coupling, U < 0.
Bosonizing the 1D Fermi fields, we can write [11]
ψpjα ≈ exp (i
√
pi
2
[p(Φjc + αΦjs)− (θjc + αθjs)] ), (2)
α = ± for spin up and spin down respectively. The
electron spectrum exhibits spin-charge separation. The
charge part of the Hamiltonian results in the Luttinger
Gaussian model [12]:
Hcoj =
vF
2pi
∫
dx
1
Kjc
(ρjc − ρo)2 +Kjc(∇θjc)2. (3)
Here vF = 2t sinkF denotes the Fermi velocity, ∂xΦjc =
(ρjc−ρo) measures fluctuations of charge density in each
chain, and ∇θjc is the conjugate momentum to Φjc. The
free spin Hamiltonians have the same forms as the charge
Hamiltonian of Eq.(3) replacing Φjc by Φjs. The Lut-
tinger exponents are,
K1c = 1− gc/pivF > 1 K2c = 1 (4)
K1s = 1 + gs/pivF < 1 K2s = 1.
For attractive interactions in chain 1 [K1s < 1], the
spin backscattering term gs provides another (relevant)
contribution to the low-energy physics. Indeed, this pro-
duces the Sine-Gordon model [6,11]
Hs1 = H
s
o1 − gs
∫
dx cos[
√
8piΦ1s](x). (5)
The coupling gs is known to be strongly renormalized
at the temperature scale T ∗ = EF exp(−pivF /gs). The
spin field gets pinned at the classical value Φ1s ≈ 0. The
resulting spin gap is of the order of T ∗ (See Ref. [11]
page 76). This produces the growth of the superconduct-
ing (SC) and charge density wave (CDW) correlations in
chain 1. These are given by the operators
O1SC = ψ+1↑ψ−1↓ + ψ−1↑ψ+1↓ (6)
∝ exp(−i
√
2piθ1c) cos(
√
2piΦ1s)
and
O1CDW = ψ†+1↑ψ−1↑ + ψ†+1↓ψ−1↓ (7)
∝ exp(−i
√
2piΦ1c) cos(
√
2piΦ1s).
The operator O1†SC describes the preformed bosonic pairs
with charge Q = 2e and spin S = 0. Using the fact
that there is no fluctuation of the spin field Φ1s ≈ 0 for
temperatures smaller than T ∗, one finds for the charge-
density correlation function
< O1†CDW (x)O1CDW (0) > ∝ x−K1c (8)
and for the SC pairing correlation function
< O1†SC(x)O1SC(0) > ∝ x−1/K1c . (9)
As expected, since K1c > 1 the superconducting correla-
tions in chain 1 are (slightly) more important than the
CDW correlations for T < T ∗ (See Fig. 2). Here, pairing
of spinons is somewhat equivalent to pairing of electrons
inducing prevalent bosonic pairs in chain 1.
As long as the chain 2 remains weakly “coupled” to
chain 1 (i.e., for T > Tc, see discussion below), all its
density-density correlation functions decay as 1/x2 as for
any noninteracting 1D electron gas.
Fate of transverse electron motion. Now, we
examine the influence of the finite (bare) transverse
hopping amplitude. Again, we assume that the spin
backscattering term gs is flowing first to strong couplings
(at the temperature T ∗; gs(T
∗) ≈ t) which corresponds
to very small bare values of t⊥ (t⊥ ≪ T ∗). The bosonic
form of the term t⊥ (at q = 0) is given, e.g., in Ref. [8].
We find that t⊥ evolves according to
d ln t⊥
dl
=
7
4
− 1
4
(K−c +
1
K−c
)− 1
8
(K1s +
1
K1s
)· (10)
The l describes the renormalization of the short-distance
cutoff a(l) = exp l. The renormalization procedure is
stopped at lengths a(l) comparable to the thermal length
vF /T , which means l = ln(EF /T ). We have combined
the charge boson fields in the two chains into a symmetric
“+” and antisymmetric “-” part: Φ±c = [Φ1c ± Φ2c]/
√
2
and similarly for the conjugate momenta. The resulting
Luttinger exponents obey
K±c =
√
K1cK2c ≈ 1− gc
2pivF
> 1. (11)
Furthermore, we obtain
dK1s
d ln(EFT )
= −1
2
(gsK1s)
2. (12)
As long as T > T ∗, integrating Eq.(10) produces a
linear growth of t⊥(T ) [i.e., gs(T )≪ t and K1s ≈ 1]
t⊥(T ) ≈ t⊥EF /T ≪ t. (13)
Second, from Eq.(12) we deduce that the explicit di-
vergence of the spin backstattering gs at the opening
2
of the spin gap (i.e., for T = T ∗) results formally in
K1s{T < T ∗} = 0. Using Eq.(10), this also implies
t⊥{T < T ∗} = 0. (14)
This produces a jump in the electron hopping amplitude.
This can be interpreted as a consequence of the disap-
pearance of the electron states on chain 1. At T = T ∗, in
contrast chain 1 exhibits preformed bosonic pairs due to
the occurrence of the spin gap. In consequence, one ex-
pects the vanishing of the single-particle transverse sus-
ceptibility χ⊥,s [13] (See Ref. [11] page 224). This reflects
the suppression of the electron motion in the transverse
direction. Such a phenomenon can also emerge due to
the presence of strong Umklapp scattering (leading to a
charge gap) [8].
On the other hand, the Hamiltonian must be supple-
mented by extra terms (i.e., tunneling processes) which
are generated in the course of renormalization by ex-
panding the partition function as a function of t⊥ [11].
For a two-chain model, those are precisely known and
have been classified by Khveshchenko and Rice using the
bosonic language [14]. Following the scheme introduced
in Ref. [8], we now examine which tunneling processes are
relevant below T ∗. We will show that because K−c > 1,
these correspond to an incoming electron from chain 2
being reflected back as a hole, thereby injecting an addi-
tional Cooper pair in chain 1. This is an Andreev scat-
tering mechanism [9].
Andreev scattering amplitude. Terms containing
the spin operator exp[iβθ1s] with β =
√
2pi may be al-
ready dropped. Indeed, below T ∗ these terms naturally
acquire a scaling dimension greater than 2 and thus be-
come irrelevant in the sense of the renormalization pro-
cedure. Using the classification scheme of Ref. [14] away
from half-filling, one must then keep the following inter-
chain “pair-hopping” terms
∆H = cos
√
4piθ−c {g2 cos√4piΦ−s + g3 cos√4piΦ+s } (15)
+ g5 cos
√
4piΦ−c cos
√
4piΦ−s .
To fix the values of the coupling constants for T ≈ T ∗,
one must proceed as follows [8].
Above T ∗, the couplings gi with i=(2,3) evolve in a
similar manner as (z(l) = t⊥(l)/EF )
dgi
dl
= λgi − λz2, (16)
with
λ = 2− [K±s +
1
K−c
] ≈ −(gc + gs)/2pivF > 0 (17)
being slightly renormalized. As long as the spin backscat-
tering is small, one can use the exponents (K±s < 1):
K±s =
√
K1sK2s ≈ 1 + gs
2pivF
=
1
2
(K1s +K2s). (18)
The bare values are given precisely by z(0) = t⊥/EF
and gi(0) = 0 [11]. Under renormalization, these pair-
hopping terms then acquire a small but non-zero value
g2,3(l) = − λ
2− λz(0)
2[ exp(2l)− exp(λl)] (19)
≈ − λ
2− λz(l)
2,
with z(l) = z(0) exp l. Using Eqs.(13) and (19) for T →
T ∗, one finally finds (|g2,3(T ∗)| ≪ 1)
g2,3(T
∗) ∝ −{t⊥(T
∗)}2
EF
2 = −
t⊥
2
{T ∗}2 · (20)
The exact prefactor is not of interest here.
The evolution of the coupling g5 can be discussed in
an identical way. Starting with free (or almost free) elec-
trons on chain 2, we obtain the same equation as for g2,3
with λ replaced by [15]
γ = 2− [K−s +K−c ] ≈ (gc − gs)/2pivF = 0. (21)
Therefore, one reaches the important conclusion that in
our case g5(T ) = 0 whatever the temperature. Note that
in principle, this does not remain true if (quite strong) re-
pulsive interactions are added between unpaired remain-
ing electrons. This provides both K−c < 1 and K
−
s < 1
[16]. In that case, the coupling g5 becomes strongly rel-
evant leading to another spin-gapped (but a` priori not
superconducting) fixed point [8,17].
When T approaches T ∗, the spin field Φ1s gets locked,
resulting in < cos
√
2piΦ1s > ∼ {T ∗a}1/2 (we put a = 1)
and then in the unique pair-tunneling mechanism
∆H = V cos
√
4piθ−c cos
√
2piΦ2s. (22)
This term is the driving force for the quasi long-range
Bose condensation of the preformed pairs. We stress
that in 1D, the (bare) interchain hopping is sufficient to
generate such (particle-particle) pair-hopping term, i.e.,
V = −t⊥2/{T ∗}3/2. It is appropriate to write
∆H = V (O1†SC(ψ+2↑ψ−2↓ + ψ−2↑ψ+2↓)+H.c.). (23)
We immediately recognize the boson-mediated Cooper
pairing between remaining unpaired electrons, intro-
duced in the context of high-Tc cuprates [5]. This also
corresponds to an Andreev reflection [9].
It is worth to note that the coupling V does not affect
the quantum coherence along the chains. The charge
current of each chain Jj ∝ vF
∫
dx∇θjc(x) commutes
with the process V , i.e., [Jj ,∆H ] = 0. For clean and in-
finitely long chains, the conductivity σ‖ remains infinite.
To prompt for the question of the (in)coherence in the
transverse direction below T ∗ one can examine the trans-
verse susceptibility χ⊥,p induced by the Andreev process
(transfer of pairs). As long as V is small, we can expand
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the partition function up to terms of fourth order in V .
Using Ref. [11] (page 223), we find χ⊥,p ∝ T 2(d⊥,p−1) and
d⊥,p = (K2s/2 + 1/K
−
c ) [13]. Near T
∗, we immediately
get d⊥,p > 1. Thus, χ⊥,p is first reduced by decreas-
ing the temperature, still reflecting a certain incoherence
between the bosonic pairs and the unpaired electrons.
At lower temperatures the system converges to a super-
conducting and completely coherent fixed point. Below
T ∗, the coupling V evolves according to dV/d ln (T
∗
T ) =
(2 − d⊥,p)V [18]. This will be strongly renormalized at
the temperature, Tc ≈ T ∗V 2 = at⊥4/{T ∗}2 ≪ T ∗. Close
to Tc, the exponents 1/K
−
c and K2s drastically decrease
[similarly as in Eq.(12)] resulting in d⊥,p{Tc} ≪ 1. A
strong interchain coherence thus arises below Tc; χ⊥,p
diverges at T = 0. The proximity effect results in a fluid
of coherent bosons with (almost) long-range pairing.
As in Ref. [7], the pre-existing spin gap is conveyed to
the Fermi gas.
Superconductivity at T = 0. The spin field Φ2s gets
massive [See Eq.(22)], so the spin fluctuations now con-
tribute a multiplicative constant to all the correlation
functions. The SC phase below Tc thus becomes only
a property of the charge degrees of freedom. Here, the
Andreev reflection imposes that the field θ−c gets locked
(for all x), i.e., θ1c(x) = θ2c(x). Only the superfluid
phase θ+c remains massless, thereby producing strong su-
perconductivity. In each chain, one must write (j = 1, 2)
√
2θjc =
1√
2
{θ1c + θ2c} ≈ θ+c . (24)
Using Eq.(6), this gives
OjSC ∝ exp(−i
√
piθ+c ). (25)
The two chains become obviously phase-coherent and the
SC correlation functions decay very slowly with x,
< Oj†SC(x)OjSC(0) > ∝ x−1/(2K
+
c ). (26)
(The exponent is in contrast with the one of Ref. [7] at
Page 6131; Our Tc corresponds to their T
∗
2 ). This exem-
plifies the almost Bose condensation of preformed pairs
due to the exchange of fermions even though a phase or-
der is not strictly possible in 1D, i.e., < OjSC(x) > = 0.
This behavior is reminiscent of a conventional two-
leg ladder material (our chains behave as bands of the
symmetric two-leg ladder with repulsive interactions)
[10,11,8]. We deduce that the pairing susceptibility di-
verges approximately as χSC ∝ T−3/2 (See Fig. 2). Each
chain is now characterized by the same superflow. Since
θ−c ≈ 0, this indeed produces J1 ≈ J2. The density of
Cooper pairs in each chain nj fluctuates strongly, i.e.,
(n1 − n2) ∝ ∂xΦ−c . Finally, the CDW fluctuations can
develop only at very short distances [19]. To conclude,
we have introduced an asymmetric two-leg ladder system
which allows to rigorously investigate the (almost) Bose
condensation of preformed bosonic pairs in the vicinity
of unpaired fermions discussed in the context of high-Tc
cuprates. The Andreev scattering mechanism has been
derived properly from the fermionic model (above T ∗).
We already like to push forward the fact that this
asymmetric model can be generalized to preformed
bosonic pairs having an approximate d-wave pairing and
a very small spectral weight (and coexisting with chain(s)
of unpaired fermions), e.g., by investigating asymmetric
three-leg ladder systems [20–22].
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FIG. 2. Schematic vue of the CDW and SC susceptibilities
as a function of the temperature. In general, the correspond-
ing susceptibilities vary as T ν−2 (The associated correlation
functions decrease as x−ν). Below Tc, the CDW correlation in
contrast exhibits an exponential decay resulting in the com-
plete vanishing of the (2kF ) CDW susceptibility at T = 0.
We have approximated (K1c;K
+
c ) ≈ 1.
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